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Finite element analysis

1. Mesh a complex problem in small pieces

2. Discretizes the differential force equations for each element:

3. Solve the ODE system

4. Outcomes

• {F} are the forces acting on the structure.
• [K] is the stiffness matrix.
• {u} are the displacements.

• Create virtual models of experiments.
• Validate material laws.
• Estimation of properties not accessible by 

experiments 
• Understanding dynamic processes.
• Extrapolate to different escenarios.



Force residual:

Newton-Raphson (NR) iteration:

The NR iteration is performed in FE packages (MSC Marc 
(HYPELA2), ABAQUS (UMAT), ANSYS (USERMAT), etc.)

Stress:

Deformation Gradient:GIVEN:

FIND: Material Tangent:

Tangent:
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Newton-Raphson Iteration
Finite elment method solver



Crystal plasticity framework 
• GND Calculus :  Imagine a system under a deformation. There is an elastic and plastic part

Where and 𝐹𝑒 = 𝐹 − 𝐹𝑝

n

s

Example BCC
SLIP SYSTEM 

• The plastic part depends on the slip of the crystal.
Fionn et al.(2007)



Residual:

1FPE Dunne, D Rugg, and A Walker. Lengthscale-dependent, elastically anisotropic, physically-based hcp crystal plasticity: Application to cold-dwell fatigue in ti alloys. 
International Journal of Plasticity, 23(6):1061–1083, 2007.

Stress :

NR solver: until

Material tangent:

Trial stress Plastic corr.

CP solvers – stress solver



Kinematics solver
(F. Dunne)

States at former time
(τc , ρSSD , … , ρGND )

Initial Guess 
for stress

Outputs
Stress, slip 
rates, etc.

Forward 
Gradient 
method1

Semi-implicit state update loop2

Update states for slip 
rates

(τc , ρSSD , …)

3 Kalidindi, S.R., Bronkhorst, C.A. and Anand, L., 1992. Crystallographic 
texture evolution in bulk deformation processing of FCC metals. Journal of 
the Mechanics and Physics of Solids, 40(3), pp.537-569.

Implicit state update3:

2 Huang, Y., 1991. A user-material subroutine incroporating single 
crystal plasticity in the ABAQUS finite element program (pp. 1-21). 
Cambridge, UK: Harvard Univ..

Forward Gradient method2:

CP solvers – complementary methods



10% strain
10-3 s-1 strain rate
Polycrystal

Constitutive laws

Elasticity:

Power law:

CP solvers – comparison of methods

56 Demir, E et al., Grain size and shape dependent crystal plasticity finite element model and its application to electron beam welded SS316L. Journal of the Mechanics 
and Physics of Solids.
13 Huang, Y., 1991. A user-material subroutine incroporating single crystal plasticity in the ABAQUS finite element program (pp. 1-21). Cambridge, UK: Harvard Univ..
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Advanced Research Computer 

Simulations of 4M elements



GND models

3-4: Rate forms

1-2: Total forms 
𝜵 × 𝑭𝒑

𝜵 ሶ𝛾

𝜵 × ሶ𝛾𝛼 𝒏𝛼𝑭𝒑

Irradiation models
2: Defect loop density

1: Solute strength

Material Library
“usermaterials.f” or  

using PROPS

Main solvers
- Explicit state update

- Semi-implicit state update
- Forward gradient method

Slip models

3: Double exponent law

1: Sinh law

2: Power law

Strain 
hardening

2: Linear hardening

1: Voce type

3: Kocks-Mecking

Backstress models

2: GND-based

1: A-F

Creep models

1: Creep activation energy

Constitutive laws



2.a Code structure
Fortran modules:

Input entries

Inputs (in PROPS)
1. 1 (Bunge angle)
2.  (Bunge angle)
3. 2 (Bunge angle)
4. Grain ID
5. Phase ID
6. Flag (1/0)

0: usermaterials.f
1: PROPS

1/2/3: BCC/FCC/HCP
1-12: usermaterials.f

* Element type and total number of 
elements in the mesh are automatically 
determined at the first iteration cycle.

Outputs are selected from useroutputs.f 
and stored as STATEV and a legend file is 
written once.



Introduction

crystallographic defect

• Objective: Explore different methods to calculate the Geometrical Necessary Dislocation (GND) density 𝜌𝐺𝑁𝐷  in a 
crystal through strain gradient calculus in FEM models. Finding pros and cons

• Dislocation is a linear crystallographic defect that contains an abrupt change in the arrangement of atoms. The 
movement of dislocations allow atoms to slide at low stress levels being responsible of the plasticity.

• Geometrical necessary dislocations are the ones 
responsible of deformation, they influence the 
plasticity, the hardening, the Bauschinger effect or 
fracture formation...

1

https://en.wikipedia.org/wiki/Crystallographic_defect


Crystal plasticity framework and GNDs 

Fig: Construction of Burgers circuit around (a) edge and (b) screw 

type of dislocations.

The GND density represent the heterogeneity in crystal deformation 

Y=𝐹𝑝X
We get an expression called Nye tensor

{𝝆𝑮𝑵𝑫} has 18 dislocation densities for FCC materials: 12 edge and 6 screw dislocations 
The Nye  tensor {𝚲} has 9 (x, y, z) known components.

[A] therefore has a size of 9 by 18, so the solution is not unique.

3



1.f GND calculation

Incompatibility

GND model1-a (L2)

GND model1-b (KKT)

GND model1-c (NEW!)
A-matrix is restricted to 

active slip systems

Incompatibility
GND model2

Incompatibility
GND model3

2D plane stress elements: 
CPS4, CPS6 (quad. GND), 
CPS6 (linear GND), CPS8, 
CPS8R    

2D plane strain elements: 
CPE4, CPE6 (quad. GND), 
CPE6 (linear GND), CPE8, 
CPE8R

3D elements: 
C3D8, C3D10 (quad. GND), 
C3D10 (linear GND), C3D15 
(quad. GND), C3D15 (linear 
GND), C3D20, C3D20R

Incompatibility

GND model1-d (NEW!)
A-matrix is restricted to 

active slip systems

10Demir, E., Martinez-Pechero, A., Hardie, C. and Tarleton, E., 2024. Restraining geometrically-necessary dislocations to the active slip systems in a crystal plasticity-based finite element 
framework. International Journal of Plasticity, p.104013.



FEA examples at low strain: 
Four-point bending with 1 slip system 

Figure 12: Four-point bending (a) beam dimensions and symmetry (the red cross sign indicates the neglected portion of the beam

using symmetry), (b) boundary conditions based on (Xu, 2021b), (c ) 3D model of slip, GND density of different models

(a) (b)

(c) (d)
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Pseudo-Inv RestrictedL2



FEA examples at high strain: 
Polycrystal

• A polycrystal with 30 grains was generated using NEPER® software with 165,968 quadratic 

tetrahedral elements (C3D10) with four integration points per element. 

• The mid-grain has 1,308 elements. 

• A uniaxial macroscopic tensile strain of 25% was applied with a strain rate of 2.5 × 10−3 s−1

• Simulations using a 2.4 GHz Intel E5-2680 v4 CPU on using a total of 20 threads. Simulation 

duration for models 1-c, 2, and 3 were 41.09, 37.01, and 37.03h.

10



FEA examples: Polycrystal

Top: Edge dislocation density on the most active slip system, [110] ( ̄111), in the mid-grain for four different GND models at the end of 25% uniaxial tension.  

Bottom: Incompatibility error: (a) absolute and (b) relative average over the mid-grain vs. uniaxial strain for total form without area correction (model 1-c) and 

with area correction (model 1-d), rate form (model 2), and slip gradients (model 3). 11

Rate Slip gradRestricted Restricted*



• Work with Neper to create crystal frame and transform to Abaqus.

•  Irradiation.

• Creep models.

• Backstress.

• Fracture using UDMGINI Abaqus subroutine.

• Cohesive elements to model fracture in crystal boundaries

18

Important extra features



❖An efficient and robust multi-modal crystal plasticity model

❖Wide variety of alternative constitutive laws

❖Input file prepared to run in Advanced Research Computer (Oxford) 

❖Coupling with fracture models as extended finite elements and cohesive zone models

❖The total form of incompatibility and the L2 method revealed GNDs on the inactive slip systems. The 

restriction of GNDs only to the active slip systems, followed by SVD works better.

❖The results of restricted model match with the rate form and slip gradient models which do not have 

the problem of activating slip systems during low strain experiments.

❖Polycrystal simulations at large strains revealed less densities for restricted model than rate form and 

slip gradients (Levkovitch and Svendsen (2006)). 

Conclusions Crystal plasticity framework 
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THANK YOU: QUESTIONS?

OXFORD-UMAT: An efficient and versatile crystal plasticity framework
https://doi.org/10.1016/j.ijsolstr.2024.113110
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