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Project EQUILI

® Project goal: develop in ALYA a new module for
solving the Grad-Shafranov equation

e Grad-Shafranov equation: models the plasma
equilibrium in a tokamak

® ALYA: high-performance computational multiphysics
FE code to solve engineering-coupled problems at
BSC

e Long term goal: build a fusion reactor Digital Twin in
ALYA
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et . I. Problem Background
1. Tokamak and Plasma equilibrium

Tokamak fusion reactor:
® Axisymmetric
Vacuum vessel W

Outer poloidal
magnetic field coils

Inner poloidal
magnetic field coil

[ J
® Plasma cross-section P
e External confining
Toroidal

magnetic coils magnets (COiIS &
solenoids)

Vacuum vessel

Plasma

Poloidal magnetic field Plasma current
Helical magnetic field Toroidal magnetic field

https://www.energyencyclopedia.com/en/nuclear-fusion/tokamaks/main-principles
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et . I. Problem Background
1. Tokamak and Plasma equilibrium

Tokamak fusion reactor:
® Axisymmetric
. e Vacuum vessel W
Imagn%?itce;iep%%lodi?; I o
L Plasma cross-section P
External confining
magnets (poloidal
coils)

Inner poloidal
magnetic field coil

|Vacuum vessel !

Toroidal
magnetic coils

Plasma

Plasma equilibrium
configuration necessary for:

e MHD simulations
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Poloidal magnetic field Plasma current

Helical magnetic field Toroidal magnetic field
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et . I. Problem Background
1. Tokamak and Plasma equilibrium

Grad-Shafranov (GS) equation:

® Equilibrium equation in ideal MHD @2¢
Partial Differential Equation (PDE)
2D
Nonlinear
Elliptic
Poloidal magnetic flux: v

— :LLORJ¢(R7 ¢>

ROR T 972

Toroidal plasma current: J¢

For tokamak system:
® Axisymmetric plasma =>2D
® Cylindrical coordinates
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et . I. Problem Background
1. Tokamak and Plasma equilibrium

Grad-Shafranov (GS) equation:

® Equilibrium equation in ideal MHD 82¢
Partial Differential Equation (PDE)
2D
Nonlinear

Elliptic Ad-hoc toroidal
Poloidal magnetic flux: plasma current

Toroidal plasma current: J¢
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ROR T 972

For tokamak system:
® Axisymmetric plasma =>2D
® Cylindrical coordinates
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I. Problem Background

1. Tokamak and Plasma equilibrium

Grad-Shafranov (GS) equation:

® Equilibrium equation in ideal MHD @2¢

e Partial Differential Equation (PDE) —+ = uoRJ4(R ¢

e 2D

e Nonlinear

e Elliptic Ad-hoc toroidal

e Toroidal plasma current: J¢

Different plasma current model &

For tokamak system: _

® Axisymmetric plasma =>2D Different GS equation

® Cylindrical coordinates
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2. Grad-Shafranov free-boundary problem
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I. Problem Background

Plasma domain P:

Magnetic axis xp X
Active saddle point xx %
Separatrix (= last closed

magnetic flux surface)

Magnetic confinement:

External magnets (coils &
solenoids)

Plasma current self-induced
magnetic field => depends on
shape P
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Magnetic confinement:
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to magnetic confinement




2. Grad-Shafranov free-boundary problem
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I. Problem Background

Plasma domain P:

Magnetic axis xp X
Active saddle point xx *
Separatrix (= last closed

magnetic flux surface)

Magnetic confinement:

External magnets (coils &
solenoids)

Plasma current self-induced
magnetic field => depends on
shape P

Plasma geometry P coupled
to magnetic confinement
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Il. Numerical Implementation
1. CutFEM

Classic FEM CutFEM / Non-conforming mesh
Embedded geometry

SN
Q Cut elements

& ® Level-set function

RS e Weak BCs
0" %‘N O° o imposition
\p_ 9}

Boundary
element

\I' = 50 (Nitsche’s method)
e Modified numerical

2 Boundary integration
cut element .
quadratures in cut

elements

® Mesh elements
(( §Zp"§“,i‘2'l.fpm.ng g * \ Fusion HPC classification

Center <
Centro Nacional de Supercomputacion ‘.‘. 8

Ny



1. CutFEM

Level-set function

(a) (b)

T. Frachon, KTH Royal Institute of Technology, 2022.
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Numerical Implementation

Mesh elements classification

VAVAVAVAYAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN
SOV ANNNNNNNNNNNNNNNNNNNZ
AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV >
NN NNNNNNNNNNNININNNININ/AD
QANNANNNNNNNANNANANNNNNND
Vn‘vAvAvAvAvAvAvAvAvAvAv‘vAvAvAv‘vAv‘v‘
ZNININININININININININININININNNNND
NWAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAYA
VAVAVAVAVAVAVAVAXAVAVAVAVAVAVAVAVAVAVAAYS)
CAVAVAVAVAVAYVAY. VATAVAVAV.VAW,VAVAVAYA
PAVAVAVAVAVAY. VATAVAVAV, VAVAVAYAYA
NNV, VAVAYR
VAVAVAVAVAVA' NS
NVAVAVAVAY/Y.
ZAVAVAVAVA!
SWAVAVAVAVA'

HUAVAVAVAVAVAVAN
AVAVAVAVAVAVAVADZ
AVAVAVAVAVAVAVAY R

QAALAN AVAVAVAVAVAVAVAVAVAVAS
NANNNN DSINNINNNNNINNINY
CNININNN NI 25 \NININININININININININNT N
NANADAN 29 NNINNINININININININININININ
N7 NNNNINININNININININININININNINININN
SWAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAW
VAN NNNNNNNINININNINNINININININT S
SINONANNNNANANNNNNNNNNNNNNS

- (P}
{eTP}™

{G(V)}(")



7\

2. EQUILI problem cases
A. Free-boundary problem

FREE plasma domain P

e FIXED vacuum vessel W
Magnetic confinement projected on I', by
means of operator’s Green function

® Resulting BVP:

f

poRJIs(R, ) ,(R,Z) € P(y)

A*ZZJ = ,iIl Q\{FP,Fv}
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Il. Numerical Implementation

2. EQUILI problem cases
B. Fixed-boundary problem A

FIXED plasma domain P

e Everything outside P => NEGLIGIBLE
Benchmark for analytical cases
( => validation of code)

. N 0
® Resulting BVP:
p
% MORJ(i)(R? ¢) ) (R7 Z) € P(¢) . -2 7,
A= in O\{T», jf} o
otherwise Al
w = 7/JP(R, Z) ,0n Fp . v //////{//x;’////////.
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Il. Numerical Implementation

3. EQUILI workflow

Initial guess d)(O)

Double loop structure: v

Compute initial boundary values lzg))

e External loop: computing

boundary values v,

e Internal loop: solving BVP

o Solve BVP using CutFEM
RJs(R,y™) | in P™ Q -
A+l = HoRJo(R, 9) .in Q\{Fg), Iy} @) Normalise solution
0 , otherwise = v
(n+1) _ ,,(n) (n) oc
Y = 1%13 ,on I'p T Update plasma region P
Pt = ) ,on Ty < v
2

Convergence of 'Y ?

OUTER LOOP

Compute boundary values z}g"ﬂ)

y

(k1)
Convergence of ¥p ?
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3. EQUILI workflow

Double loop structure:

e External loop: computing
boundary values v,
e Internal loop: solving BVP

A*d}(n—#l) — { ,in Q\{Fg), FV}

0 , otherwise
w(nﬂ) = %;z) ,on Fg‘)
Q]/)(n—l—l) = 1/;1(3,6) ,o0n FV
Normalization: YY) = Yo—¥
Yo — Vx
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Il. Numerical Implementation

Initial guess 1[)(0)

L

Compute initial boundary values lzg))

INNER LOOP

Solve BVP using CutFEM
L]

Normalise solution
y

Update plasma region P

L\

Convergence of (™'Y ?

Compute boundary values z}g““)

y
~(k
Convergence of wﬁ; i ?




Il. Numerical Implementation

3. EQUILI workflow

Initial guess w(o)

Double loop structure: v

(0)

Compute initial boundary values 1/;3

e External loop: computing

boundary values v,

e Internal loop: solving BVP

o Solve BVP using CutFEM
RJ,(R, ™) ,in P™ o y
A+l = HoRJo(R, ™) in Jin O\{T%), Ty} o o Normalise solution
0 , otherwise [®) — v
(n+1) _ ,,(n) (n) o
Yl =y yon I'p 9 L Update plasma region P
D = i) con Ty - Z ¥
T Z Convergence of (") ?
o : o — ¥ - '
Normalization: Y() = —F— 3
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. . Ill.  Numerical Results
1. Fixed-boundary linear plasma current model

e FIXED plasma boundary

2 2
Js(R, ) = i ) | A% = 3_1@ — i@zﬁ + 0 Qé — R2 e LINEAR plasma current
HO OR ROR 07 e Mesh: 13092 quadratic triangles
Exact solution Numerical results Absolute error (log scale)
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Fixed-boundary nonlinear plasma current model

0% 1oy 9%
A* = S %) + 2:F(R7Z7¢)
OR ROR 07
Exact solution Numerical results
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Ill. Numerical Results

FIXED plasma boundary
NONLINEAR plasma current
Mesh: 13092 quadratic triangles

Absolute error (log scale)

—4
=
—8 §
-
-10 2
—12

R (in m)
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. lll.  Numerical Results
3. Free-boundary profiles plasma current model

e FREE plasma boundary

dp dg ® PROFILES plasma current
/J,()RJ¢(R, Z) <M0R2 ) . .
¢ ¢ e Mesh: 6090 linear triangles
Initial configuration (n=0) Iteration n=1 Iteration n=2 Iteration n=3

P 1.2 P 1.2
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1.2 0 0.8 ‘ 0.8
4
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e Conclusions:

o  Successfully developed a Grad-Shafranov
solver as a new module of ALYA

O  CutFEM correctly deals with free-boundary
problem

o  Coupling with electromagnetic module

e Future work:

o Parallelisation

o Implement high-order geometry
approximation

o Improve plasma domain identification
subroutine

o  Simulations with realistic tokamak vacuum
vessel geometries
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ITER converged magnetic poloidal flux

X Xp

R (in m)

XX

1.1
1.0
0.9
0.8
0.7
0.6/
0.5
0.4
0.3
0.2
0.1
0.0
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Il. Numerical Implementation

2. EQUILI problem cases

A. Geometries

EQUILI implemented geometries
Double geometry problem:

® Plasmadomain P

e Vacuumvessel W 4
2
Definition of 2 level-set functions: 20

e Plasmaboundary [, =0dP N

e Vacuum vessel boundary I’ =dW —#
—4
Condition!!!!! PCW
4 6 8
rcelona £ : R mnm
(( E‘Z‘.".fé"i°f"""'i"’ . Fusion HPC ( )
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Il. Numerical Implementation
2. EQUILI problem cases

C. Plasma current model Analytical solution » Code validation

e LINEAR PLASMA CURRENT:

o  Analytical solution case

o R
‘]¢(R? ¢) =
Mo

® NONLINEAR PLASMA CURRENT

o  Analytical solution case

e PROFILES PLASMA CURRENT
o  No analytical solution

o J asafunction of profiles
¢ R (in m) R (in m)
pand g
O RIET) = ( w2 @) LINEAR plasma NONLINEAR plasma
potdel b ) =AM g T g current analytical current analytical
(( Barcelona &, Fusion HPC solution solution
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. . II. Numerical Implementation

® PROFILES plasma current

® Mesh: 6090 linear triangles
Sign plasma domain

lteration n=1 Sign iteration n=1 level-set function n=2

<=

-2
—4
4 6 8
R (in m)
rcelona — 2 0 1
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. ] . e . ] Il. Numerical Implementation
Critical points optimization: Hybrid method

Optimization for:

o Magnetic axis
o Active saddle point
Solution normalization => plasma

domain evolution
EQUILIPY: built-in function root
EQUILI: Hybrid method

© Quasi-newton method

Z (in m)

m Gradient descent

m Gradient ascent

m Broyden-Fletcher-Gold 4 5 (ig i 8
farb-Shanno (BFGS) ® initial guess X xx = ascension step
o Newton-Raphson method %X xo —= 9|, , ~ === descension step

Ny
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. . . Il. Numerical Implementation
Interface linear approximation

Interface linear approximation Interface linear approximation error convergence
Q N == triangular elements
N Q == quadrilateral elements
N
\
\\ \
\
\\\
N\
\
AR Y
\
S
‘O:
2 x 100 3 x 100 4 x 10 T 6x10°
log(1/h)
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Ill. Numerical Results
1. EQUILIPY

A. Fixed-boundary linear plasma current model

L, error norm convergence rate for different element types

le-2 4
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Ill. Numerical Results
1. EQUILIPY

C. Free-boundary profiles plasma current model

Inner loop residue norm for different element types

10
4 === TRIO3
1004 4\ =O= TRI06
D= TRIIL0
10! O= QUAU
_ =O= QUA09

E810-2
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Coupling with MAXWEL module

S

Barcelona S .
Supercomputing < . F usion H P C
Center ‘

Centro Nacional de Supercomputacién - ®

Numerical Results

28



L Ill.  Numerical Results
Free-boundary problem with first wall tokamak geometry

® FREE plasma boundary
PROFILES plasma current

Initial configuration (n=0) lteration n=1
® Mesh: 6090 linear triangles
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