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Project EQUILI 
● Project goal: develop in ALYA a new module for 

solving the Grad-Shafranov equation

● Grad-Shafranov equation: models the plasma 

equilibrium in a tokamak

● ALYA: high-performance computational multiphysics 

FE code to solve engineering-coupled problems at 

BSC

● Long term goal: build a fusion reactor Digital Twin in 

ALYA

Implemented modules Modules under development
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https://www.energyencyclopedia.com/en/nuclear-fusion/tokamaks/main-principles

Tokamak fusion reactor:

● Axisymmetric

● Vacuum vessel  𝓦
● Plasma cross-section 𝓟
● External confining 

magnets (coils & 

solenoids)
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Plasma equilibrium 

configuration necessary for:

● MHD simulations

● Plasma transport 

simulations

https://www.energyencyclopedia.com/en/nuclear-fusion/tokamaks/main-principles

Tokamak fusion reactor:

● Axisymmetric

● Vacuum vessel  𝓦
● Plasma cross-section 𝓟
● External confining 

magnets (poloidal 

coils)

1. Tokamak and Plasma equilibrium  
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Grad-Shafranov (GS) equation:   

● Equilibrium equation in ideal MHD 

● Partial Differential Equation (PDE)

● 2D

● Nonlinear

● Elliptic 

● Poloidal magnetic flux:    𝜓
● Toroidal plasma current:     𝑱𝝓 

For tokamak system:

● Axisymmetric plasma => 2D

● Cylindrical coordinates
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Grad-Shafranov (GS) equation:   

● Equilibrium equation in ideal MHD 

● Partial Differential Equation (PDE)

● 2D

● Nonlinear

● Elliptic 

● Poloidal magnetic flux:    𝜓
● Toroidal plasma current:     𝑱𝝓 

For tokamak system:

● Axisymmetric plasma => 2D

● Cylindrical coordinates

Ad-hoc toroidal 
plasma current 

Different plasma current model
=

Different GS equation

1. Tokamak and Plasma equilibrium  
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Plasma domain 𝓟 :
● Magnetic axis
● Active saddle point
● Separatrix (= last closed 

magnetic flux surface)

Magnetic confinement:
● External magnets (coils & 

solenoids)
● Plasma current self-induced 

magnetic field => depends on 
shape 𝓟 
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Plasma domain 𝓟 :
● Magnetic axis
● Active saddle point
● Separatrix (= last closed 

magnetic flux surface)

Magnetic confinement:
● External magnets (coils & 

solenoids)
● Plasma current self-induced 

magnetic field => depends on 
shape 𝓟 

Plasma geometry 𝓟 coupled 
to magnetic confinement

Free plasma boundary ∂𝓟 

2. Grad-Shafranov free-boundary problem 
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II. Numerical Implementation
1. CutFEM
2. EQUILI problem cases
3. EQUILI workflow
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● Level-set function

● Weak BCs 

imposition 

(Nitsche’s method)

● Modified numerical 

integration 

quadratures in cut 

elements

● Mesh elements 

classification

8

Classic FEM CutFEM

II. Numerical Implementation

Non-conforming mesh

Embedded geometry

Cut elements

1. CutFEM 
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Level-set function Mesh elements classification 

T. Frachon, KTH Royal Institute of Technology, 2022.

II. Numerical Implementation
1. CutFEM  
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● FREE plasma domain     𝓟
● FIXED vacuum vessel     𝓦
● Magnetic confinement projected on 𝛤

V
  by 

means of operator’s Green function 

● Resulting BVP:

II. Numerical Implementation
2. EQUILI problem cases

A. Free-boundary problem 
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● FIXED plasma domain     𝓟
● Everything outside 𝓟  => NEGLIGIBLE

● Benchmark for analytical cases 

( => validation of code)

● Resulting BVP:

II. Numerical Implementation
2. EQUILI problem cases

B. Fixed-boundary problem 
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Double loop structure:

● External loop: computing 

boundary values   𝝍
B

● Internal loop: solving BVP

II. Numerical Implementation
3. EQUILI workflow

DONE!



Double loop structure:

● External loop: computing 

boundary values   𝝍
B

● Internal loop: solving BVP

II. Numerical Implementation
3. EQUILI workflow

Normalization:

DONE! 12



Plasma boundary updating 

= take 1-level contour of

Double loop structure:

● External loop: computing 

boundary values   𝝍
B

● Internal loop: solving BVP

II. Numerical Implementation
3. EQUILI workflow

Normalization:

DONE! 12



III. Numerical Results
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● FIXED plasma boundary

● LINEAR plasma current

● Mesh: 13092 quadratic triangles

III. Numerical Results
1. Fixed-boundary linear plasma current model

Exact solution Numerical results Absolute error (log scale)
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III. Numerical Results

Exact solution Numerical results Absolute error (log scale)

● FIXED plasma boundary

● NONLINEAR plasma current

● Mesh: 13092 quadratic triangles

2. Fixed-boundary nonlinear plasma current model
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III. Numerical Results

● FREE plasma boundary

● PROFILES plasma current

● Mesh: 6090 linear triangles

Initial configuration (n=0) Iteration n=1 Iteration n=2 Iteration n=3

3. Free-boundary profiles plasma current model



IV. Conclusions & Future Work
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IV. Conclusions & Future Work

ITER converged magnetic poloidal flux
● Conclusions:

○ Successfully developed a Grad-Shafranov 

solver as a new module of ALYA

○ CutFEM correctly deals with free-boundary 

problem

○ Coupling with electromagnetic module

● Future work:
○ Parallelisation

○ Implement high-order geometry 

approximation

○ Improve plasma domain identification 

subroutine

○ Simulations with realistic tokamak vacuum 

vessel geometries



Thank you for 
your attention!

21st-22nd November 2024 Fusion High-Performance Computing Workshop 

Email: pau.manyer@bsc.es
Blog: https://fusion.bsc.es/
Twitter: @Fusion_BSC

https://fusion.bsc.es/
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Double geometry problem:

● Plasma domain     𝓟
● Vacuum vessel      𝓦

Definition of 2 level-set functions:

● Plasma boundary      𝛤
P
 = ∂𝓟

● Vacuum vessel boundary      𝛤
V
 = ∂𝓦

EQUILI implemented geometries

II. Numerical Implementation
2. EQUILI problem cases

A. Geometries 

Condition!!!!!       𝓟 ⊂ 𝓦    



● LINEAR PLASMA CURRENT:

○ Analytical solution case

○

● NONLINEAR PLASMA CURRENT

○ Analytical solution case

● PROFILES PLASMA CURRENT

○ No analytical solution

○ 𝑱𝝓 
as a function of profiles 

p and g

○  LINEAR plasma 
current analytical 

solution 

NONLINEAR plasma 
current analytical 

solution 

Analytical solution Code validation

II. Numerical Implementation
2. EQUILI problem cases

C. Plasma current model
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Plasma region updating
II. Numerical Implementation

Iteration n=1 Sign iteration n=1

Sign plasma domain 
level-set function n=2

● FREE plasma boundary

● PROFILES plasma current

● Mesh: 6090 linear triangles
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Critical points optimization: Hybrid method
II. Numerical Implementation

● Optimization for:

○ Magnetic axis

○ Active saddle point

● Solution normalization => plasma 

domain evolution

● EQUILIPY: built-in function root

● EQUILI: Hybrid method

○ Quasi-newton method 

■ Gradient descent

■ Gradient ascent

■ Broyden-Fletcher-Gold

farb-Shanno (BFGS) 

○ Newton-Raphson method
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Interface linear approximation
II. Numerical Implementation

Interface linear approximation Interface linear approximation error convergence 
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10
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III. Numerical Results
1. EQUILIPY

A. Fixed-boundary linear plasma current model

L
2
 error norm convergence rate for different element types
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III. Numerical Results
1. EQUILIPY

C. Free-boundary profiles plasma current model

Inner loop residue norm for different element types
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III. Numerical Results
Coupling with MAXWEL module
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III. Numerical Results
Free-boundary problem with first wall tokamak geometry

● FREE plasma boundary

● PROFILES plasma current

● Mesh: 6090 linear triangles
Initial configuration (n=0) Iteration n=1


