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Introduction to Fusion Simulation Challenges

Fusion energy research involves complex physics that spans disparate
time and length scales

Single-fluid MHD

Advantages: Computationally efficient
Limitations: Fails to capture critical phenomena at smaller scales

Particle-based models

Advantages: High accuracy
Limitations: Computationally prohibitive for full-domain simulations

Two-fluid MHD

Reduces computational complexity while preserving essential physics
lost in standard MHD models
Applicable across scales, making it a robust choice for fusion
simulations
Limitations: Computational cost associated with small timescales
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Objectives

Integrate two-fluid dynamics with additional physics to enhance
accuracy

Develop efficient algorithms to improve the accuracy and
computational efficiency of two-fluid MHD simulations

Test models against standard MHD and two-fluid benchmarks,
including shock-capturing scenarios

Apply models to simulate realistic fusion reactor scenarios
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Governing Equations

The two-fluid MHD model is given by
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Features of the Model

Similar models have been used in other works [1, 2, 3]. The key is to
add an inertia term to Ohm’s law and displacement current to
Ampère’s law, and these are updated using a semi-implicit scheme

This is a convenient method to overcome numerical issues associated
with the non-ideal Hall term in Ohm’s law which does not require
linear algebra solvers

Caveat: The CFL1 condition for the speed of light must be
respected (although a significantly reduced speed of light can be used
with minimal impact on results)

Our approach introduces two novel aspects: (1) solving the Lorentz
force semi-implicitly to improve numerical stability, and (2) relaxing
the speed of light constraint without compromising accuracy

1Courant–Friedrichs–Lewy condition, a stability criterion for numerical solutions of PDEs.
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Numerical Approach

Shock-capturing capabilities achieved using finite volume Riemann
problem based methods (e.g. HLLC)

High-order accuracy achieved via TVD2 or WENO3 reconstruction
along with explicit Runge-Kutta time-stepping

The Maxwell equations are solved implicitly using the Crank-Nicolson
Method to overcome the speed of light constraint

Source terms are handled using a locally implicit midpoint method
to mitigate stiffness

Multi-material interfaces captured via the Ghost-Fluid Method

Force balance in near-steady-state scenarios is maintained using
well-balancing techniques

2Total Variation Diminishing, a property that prevents oscillations in numerical schemes.
3Weighted Essentially Non-Oscillatory, a high-order method for numerical schemes.
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Locally Implicit Treatment of Source Terms

For the variables Us = {ρv,J,E}⊺ the source terms are:

dρv
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= J×B

dJ
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nq2e
me
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nqe
− ηJ

)
dE
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= − J
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The first-order implicit update formula is expressed as:

Un+1
s = U

n
s +∆tAUn+1

s (0.1)

Un+1
s = (I−∆tA)−1U

n
s (0.2)

Second-order accuracy achieved by using the implicit midpoint
method [4]
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Implicit Maxwell Solver

It is based on a second-order accurate Crank-Nicolson scheme and the
semi-implicit discretization can be written as
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Results: Brio and Wu Test with δi = 0.001

1D shock tube problem that is designed to test the ability of
numerical methods to handle discontinuities (in ρ, p and Bz).
Compared with the ideal MHD solution

(a) 1600 cells (b) 6400 cells

Figure: Accurate resolution of sharp features and capturing dispersive
magnetosonic waves in the high-resolution case.
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Results: Brio and Wu Test with δi = 0.001

Results are compared against a full two-fluid plasma model (separate
ion and electron fluids eqs.)

(a) 1600 cells (b) 16000 cells

Figure: The full two-fluid plasma model requires very high resolution at small δi.

For fusion applications, δi can be small, and our two-fluid model is
more appropriate
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Results: Brio and Wu Test with larger δi

Two-fluid version of the test. Results are compared against a full
two-fluid plasma model from Abgrall and Kumar [5]

(a) δi = 0.1 (b) δi = 1

Figure: Discrepancies in (b) are attributed to charge separation effects in the full
two-fluid plasma model, but the overall evolution remains consistent.
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Results: Orszag-Tang Vortex

Transition to MHD turbulence, including shock formation

(a) ideal MHD regime with δi = 0.001 (b) two-fluid regime with δi = 0.05

Figure: Temperature at t = 0.5. Discontinuities are captured accurately, with
dispersive features emerging in the two-fluid regime.
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Results: MHD Rotor

Rotating high density fluid embedded in a low density fluid at rest.

(a) ideal MHD regime with δi = 0.001 (b) two-fluid regime with δi = 0.05

Figure: Magnetic pressure at t = 0.25. The two-fluid regime (b) shows a more
diffused distribution, with broader and less sharply defined structures compared to
the ideal MHD case.
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Results: Magnetic Reconnection

Harris current sheet problem from Birn et al. [6]

ψ =
1

2
ln (cosh (2y)), n = sech2(2y) + 0.2

ψp = ϵ cos (kxx) cos (kyy), η = 0.005

(a) MHD regime with δi = 0.004 (b) two-fluid regime with δi = 1

Figure: Toroidal current density at t = 20. (a) The Sweet-Parker current layer is
observed, while (b) highlights the formation of secondary magnetic islands in the
two-fluid regime.
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Results: Magnetic Reconnection

Figure: Reconnected fluxes using resistivity η = 0.005. The final reconnected
fluxes are consistent with the results from Birn et al. [6].

HPC Fusion
Workshop 2024

15 / 25



Results: Tilting Cylinder

Test used in a fusion code (MC3-C1) [7] with an initial bipolar vortex
equilibrium state and a perturbation in the velocity field

ψ =

{
[2/kJ0(k)]J1(kr) cos θ r < 1

(r − 1/r) cos θ r > 1

B2
z = B2

0 + (1− β)k2ψ2

pe =
1

2
k2βψ2 + 0.01

vpx = −ϵe−r2 sin(y)
(a) t = 0 (b) t = 6

Figure: Toroidal current density for
β = 0 for δi = 0.8.
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Results: Tilting Cylinder

(a) MHD regime with
δi = 0.01

(b) two-fluid regime with
δi = 0.2

(c) two-fluid regime with
δi = 1

Figure: Toroidal magnetic field for β = 1. The figure shows increased twisting and
turning of the toroidal field as the ion skin depth δi increases, highlighting the
effects of two-fluid dynamics.
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Results: Tilting Cylinder

(a) Kinetic energies (b) Growth rates

Figure: Time evolution of kinetic energies and growth rates for different ion skin
depths (β = 1). As in the literature [7], results indicate a significant increase in
growth rate as the ion skin depth approaches the equilibrium scale length.
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Multi-Material Modelling in Complex Geometries

Accurate modelling of multi-material interactions is essential for
ensuring the performance, safety, and longevity of fusion reactors

Understanding plasma interactions with reactor walls is crucial for
predicting heat loads, impurity influx, and events like edge-localized
modes (ELMs)

Ghost fluid method (GFM) naturally fits our framework, offering a
novel approach to handling multi-material boundary conditions with
precision

This represents the first application of GFM in the context of two-fluid
MHD simulations

Accurately captures interactions in complex geometries

The following results demonstrate the GFM’s capability to model
multi-material interactions in a realistic tokamak geometry
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Results: MHD Rotor in a Tokamak

(a) t = 0.1 (b) t = 0.2 (c) t = 0.3

Figure: Magnetic pressure evolution in a 2D axisymmetric tokamak geometry.
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Results: MHD Rotor in a Torus

(a) ideal MHD regime with δi = 0.001 (b) two-fluid regime with δi = 0.05

Figure: Magnetic pressure evolution in a 3D torus geometry at t = 0.15.
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Concluding Remarks

Our simulations demonstrate the effectiveness of the proposed
two-fluid MHD model in capturing complex plasma behaviors across
different regimes

These results represent a significant advancement in accurately and
efficiently modeling plasma behavior in fusion reactors

Future work:

Focus on modeling more fusion-related problems

Integrate additional physics, including kinetic effects, through
high-moment plasma models (e.g., 13-moment model)

Develop more complex boundary conditions to better simulate
real-world fusion reactors
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Thank you!
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Additional Information: Our Framework

Capture all regions of the device in one go through multi-physics,
multi-material methods

Solving equations in conservative form using a finite volume
approach

Shock-capturing capabilities and Cartesian frame of reference

Hierarchical adaptive mesh refinement in both space a time

Using the framework of AMReX, originally developed at Lawrence
Berkeley National Laboratory

AMReX framework is highly parallelisable

In this presentation we focus on the two-fluid MHD modelling
within this framework
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Additional Information: Two-Fluid Plasma Model

Full two-fluid plasma model [5]:

∂ρα
∂t

+∇ ·
(
ραvα

)
= 0

∂ραvα

∂t
+∇ ·

[
ραvα ⊗ vα + pαI

]
=

qα
mα

ρα(E+ vα ×B)

∂Eα
∂t

+∇ ·
[(
Eα + pα

)
vα

]
=

qα
mα

ρα(E · vα)

∂B

∂t
+∇×E = 0

∂E

∂t
− c2∇×B = − 1

ϵ0

( qi
mi
ρivi +

qe
me

ρeve

)
where α = {ion,electron}
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Additional Information: Source Terms

During the source term update, the density and magnetic field remain
unchanged, allowing us to group the conserved variables into three
categories:

U1 = {ρ,B}⊺

U2 = {ρv,J,E}⊺

U3 = {E , Ee}⊺

then the first-order implicit update formula can be written into the three
following blocks:

Un+1
1 = Un

1 (1.1)

Un+1
2 = Un

2 +∆tA(Un+1
1 )Un+1

2 (1.2)

Un+1
3 = Un

3 +∆tS3(U
n+1
1 ,Un+1

2 ) (1.3)

We solve these equations sequentially, noting that each step requires only
the previously updated states. The second step involves an implicit update.
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Additional Information: Source Terms Matrix

For U = {ρv,J,E}⊺, the matrix A is given as

0 0 0 0 Bz −By 0 0 0
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−nee
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e
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2
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Bx 0 −e

me
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e
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Bx
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2

me
η 0 0 nee

2

me

0 0 0 − 1
ϵ0

0 0 0 0 0

0 0 0 0 − 1
ϵ0

0 0 0 0

0 0 0 0 0 − 1
ϵ0

0 0 0


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Additional Information: Source Terms for Energy Eq.

The source terms allow energy transfer only between the plasma and the
electric field, without altering the plasma pressures [4]. Therefore, we
accumulate changes in the kinetic energies to update the energy equations:

En+1 = En +
1

2
ρn+1vn+1 − 1

2
ρnvn (1.4)

En+1
e = En

e +
1

2
ρn+1
e vn+1

e − 1

2
ρnev

n
e (1.5)

where ρe = mene and ve = v + J
neqe

. This approach avoids truncation
errors that might lead to negative plasma pressures if we were to solve the
scalar energy source term equations directly.
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Additional Results: Convergence Study

We set initial conditions, in such a way that we have exact solution of
two-fluid equations, with ρ = 2 + sin(2π(x+ y −

√
2t))

(a) δi = 1 (b) δi = 0.8 (c) δi = 0.5

Figure: Efficiency plot: higher (normalised) speeds of light demonstrate better
convergence for smaller ion skin depths (δi), with CPU times remaining consistent
across parameter choices.

The implicit Maxwell solver allows for the use of higher speeds of
light with the same computational costs
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