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• Predicting the dynamics of a burning plasma on long time scales, comparable with 
the energy confinement time or longer, is essential in order to understand next 
generation fusion experiments.

• In particular, the crucial role of energetic particles (EP) must be properly described.


• Extending gyrokinetic (GK) simulations to these time scales is a challenging task 
from the computational resource point of view.

• Theory of EP-driven mode interaction with turbulence is developing: 
1) direct interaction via wave-wave coupling (found to be weak) 
2) indirect coupling via zonal structures (fields and currents). 
Recently, several works pointed out  importance of slowly evolving equilibria for EP 
physics and the crucial role played by Phase Space Zonal Structures (PSZS). 

Transport processes in burning plasmas
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A transport theory for EPs requires to solve a 3D equation in phase 
space for the PSZS.

• The PSZS is the angle average (orbit average) of the gyrocenter distribution function 

 

 

written in terms of constants of (unperturbed) motion (energy, magnetic moment and  
toroidal canonical momentum).

• The PSZS is the source term for zonal fields and currents responsible for the EP-Turbulence interaction.

• Theory can be found in: 
[M.V. Falessi et al. NJP 2023] 
[F. Zonca et al. IAEA FEC 2025]

• Transport model: ATEP code/project [Ph. Lauber et al. NF 2024]  

̂F0,sp(Pφ, μ, ϵ) = τ−1
b ∮

dθ
·θ

Fz,sp , τb = ∮
dθ
·θ

, Fz,sp =
1

2π

2π

∫
0

Fsp(Pφ, μ, ϵ, θ, φ) dφ ,

·θ = −
v∥

eB*∥ Jψ,θ,φ

∂Pφ

∂ψ
, J−1

ψ,θ,φ = ∇φ ⋅ (∇ψ × ∇θ) , ϵ = 1/2(mv2
∥ + 2μB) , Pφ = mspv∥

T(ψ)
qspB

+ ψ ,

3



• How to measure the PSZS in a PIC code.


• How to use the PSZS in a PIC code.

a.k.a., Phase-Space-Zonal-Structure (PSZS) in PIC gyrokinetic 
global simulations
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Measuring the PSZS in PIC has been implemented in ORB5  
[Lanti et al. CPC 2020, Bottino et al. JPCS 2022]

• The PSZS is defined as the angle average (orbit average) of the gyrocenter distribution function

 

• Construct a finite element (B-Splines) representation of the PSZS 
 

• Set a linear algebra problem (Galerkin method)  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Linear B-splines provide a smooth diagnostics of the PSZS

• In a PIC code the integrals become Monte Carlo sums

• ORB5 (and PICLS) were equipped with a new B-spline solver able to deal with 3D non 
periodic B-splines (also available on GPU). 

• As expected, for such 3D problems the direct solvers is slow and costly since we have to 
inverted a large mass matrix.

• To spare time and memory, only the right-hand-side  is directly computed in the code (with 
minimal overhead) and stored in a HDF5 file.

• Linear problem solved offline using  a direct solver (“pszs_offline”,  T. Hayward-Schneider).

bn =
N
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Nph

N
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Example: NLED AUG case  (ASDEX Upgrade #31213@0.84s)  
[Rettino et al. NF 2022]

Figure 1. Sanity check: integrate the PSZS on velocity 
to reconstruct the density profile, at t=0 must be 
equivalent to the analytically prescribed initial state.

Figure 2. 2D projection of the perturbed component of the  
PSZS at the end of the linear stage for EP (top),   slowing-down,   
and Bulk ions (bottom),   Maxwellian.
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• The GK Vlasov equation for the particle species p, in the absence of collisions and sources, reads 
 

                                       

•  We decompose the distribution function into a known  (analytical or numerical) background  and a 
perturbed  distribution function .

• Only  is represented with a discrete number of PIC particles (markers) 

                                            

• if : reduction of the statistical noise (denoising effect).
•    can be interpreted as a Monte Carlo control variate [Aydemir  PoP 94]. Control variates reduce the 

statistical noise of the Monte Carlo (MC) integrals, source terms for the field equations,  

e.g., charge density:    
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Control variates: the GK Vlasov-Maxwell system in ORB5 is 
solved via a splitting in the distribution function
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• The statistical noise in MC theory is proportional to the square-root of the variance of the 
distribution of the weights, .

• The time evolution of the reduced 
weight variance can be used to 
evaluate the effectiveness of the  
control variate 
 

 

 

∝ σ/ N

σ2 =
1
N ∑

k

(w̃n
k − ¯̃wn

k )2

¯̃wp =
1
N ∑

k

w̃n
k

w̃p =
f n(zn

k) − ̂Fcv(zn
k))

gn(zn
k)

Example: role of the control variate in reducing the noise in ITG 
simulation in screw-pinch geometry
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Time evolving control variate are necessary 

• Traditionally, control variates are static objects. For (long) simulations involving EP transport or 
(Maxwellian based) flux driven-simulations this is not enough. Note that ORB5 already can use an 
evolving Maxwellian as control variate [Murugappan et al. PoP 2024]) with  and  with 
allowed the flux-driven simulations for TCV of  [Di Giannatale et al. PPCF 2025].

• In this work: try to use the (time evolving) PSZS as control variate.

• Brute Force approach: use the same PSZS calculated as diagnostics in ORB5. 
 
1) Construct the RHS, i.e. project the markers on the B-spline basis. 
2) Solve the matrix problem online (PETSc ongoing work). 
3) Use the spline coefficients to construct the control variate on the very same grid we use for our 
numerical initial distribution function.

• Efficient implementation in ORB5 requires significant changes in the code (work in progress).

• Here, proof of principle in reduced geometry.

n(r, t) T(r, t)

1 2



This approach works in simpler cases, e.g. evolving 
Maxwellian as control variate (2D) in screw-pinch geometry

• Use PICLS instead of ORB5 (more flexible, full-f and delta-f models) [Bottino 
et al., PPCF 2025].

• Simplified geometry: straight-tokamak (periodic screw-pinch) 

• Only 2 constants of motion needed: 
 

• Kinetic electrons ( )

B = B0 (−
r

Rqs(r)
eθ + ez)

f̄0(Pφ → ψ, ϵ)

mi /me = 3672
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PICLS (in  modus) ITG simulation, n=[0,1,2], linear phaseδf
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PICLS (in  modus) ITG simulation, n=[0,1,2], nonlinear phaseδf
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• The time evolution of the reduced 
weight variance can be used to 
evaluate the effectiveness of the  
control variate 
 

 

 

σ2 =
1
N ∑

k

(w̃n
k − ¯̃wn

k )2

¯̃wp =
1
N ∑

k

w̃n
k

w̃p =
f n(zn

k) − ̂Fcv(zn
k))

gn(zn
k)

Time evolving B-spline base control variate works well for 
Maxwellian distributions 
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Conclusion

• PSZS can be measured in PIC simulations and can be used to calculate the self consistent zonal 
fields and zonal currents by solving the corresponding field equations.

• Time evolving control variates are required for PIC simulations for EP physics and/or 
turbulence flux-driven simulations.

• Brute force approach, based on using the information stored in the markers, works well for 
Maxwellian problems (which are practically 2D) in reduced geometry.

• In tokamak geometry this approach could be expensive due to the 4D nature of the PSZS.

• Outlook:  
Alternative approaches are possible:  
    a) Evolve the PSZS distribution function (or moments of) using a reduced model (ATEP). 
    b) Use machine learning assisted control variates [Campos-Pinto 2025].
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