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Motivation
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⟨β⟩ = 0.02⟨β⟩ = 0.02, Wvf = +0.017
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• nested flux surfaces at t = 0 µs
• takes ≈ 70 µs for a large island to appear

surrounded by an ergodized layer
• intact surfaces survive only inside the island
• large region of potentially good confinement lost
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Overview

• introduction
• physical models and computational tools
• setup of simulations
• results
• summary

published in [C. Nührenberg et al. 2025]
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Introduction (1)

• stellarator optimization uses ideal magnetohydrodynamics (MHD) proxies for
stability; example: vacuum-field magnetic well (Wvf)

• the deeper the Wvf, the stronger the plasma shaping and, hence, potentially the less
economic the magnet system of a future device

• assess concept of Wvf by a study of small-shear stellarator configurations that
lack stabilization by Wvf

• in a more complete physics picture: gyrokinetics (GK)

• do GK decisively change stability limits predicted by ideal MHD?

• what do GK predict in an MHD-unstable plasma scenario?
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Introduction (2)

• employ non-linear, electromagnetic GK
• kinetic ions and electrons with physical mass ratio

• focus on large-scale modes that potentially impact a large plasma volume
• perturbations that break the finite symmetry of identical field periods

• need description using
full-torus (all stellarator field periods) and
full-radius (magnetic axis to plasma boundary)

• novel combination of objectives in GK simulations of stellarator scenarios
• codes

• CAS3D for global, linear, ideal MHD stability [Schwab 1993]
• CKA for global, linear, ideal reduced MHD stability [Slaby et al. 2024]
• EUTERPE for GK simulations [Kleiber et al. 2024]
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MHD stability calculations

• ideal MHD model
• study toroidal, general-geometry, static MHD equilibria

• VMEC [Hirshman et al. 1986], GVEC [Hindenlang et al. 2025]
• global MHD stability against small perturbations ξ, linear theory

• time evolution of the displacement vector ξ is governed by the
Hermitian force operator F with time-independent coefficients

• energy functional [Bernstein et al. 1958]
(ξ,F [ξ]) = (ξ, ρ0ξ)

• numerical treatment via Ritz-Galerkin method for tempo-spatial properties of the
displacement

• generalized eigenproblem with large, sparse matrices and symmetric-definite pencil
• realization in CAS3D code [Schwab 1993]

• FE-spectral representations for equilibrium and perturbation quantities
(similar in TERPSICHORE [Fu et al. 1992])
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Ingredients of GK (non-exhaustive)

Gyrokinetic
PIC

Simulation

Gyrokinetic Theory
(Averaged over gyromotion)

Particle-in-Cell
(Macro-particles + fields)

Magnetic Geometry
(Tokamak/Stellarator)

Numerical Methods
(Spectral, time integrators)

ι-adapted diagonal
Fourier filter

Physics Closure
(Profiles, collisionality)

theoretical or
experimental profiles

Computational
Infrastructure

(HPC, CPU, GPU, MPI)

domain cloning︷ ︸︸ ︷
. . .
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Setup of gyrokinetic calculations
• options used in gyrokinetic PIC simulations

with the EUTERPE code [Kleiber et al. 2024]

+ δf ansatz, f = f0 + δf with shifted equilibrium Maxwellian for the electrons
+ kinetic species: electrons and ions with physical mass ratio
+ gyro-average
+ non-linear, electromagnetic model
+ symplectic/Hamiltonian splitting technique, δA∥ = δAs

∥ + δAh
∥

+ pull-back formalism
+ full perturbed magnetic field, δB = ∇×(δA∥ b) + δB|| b

+ B-spline representations
+ Fourier representations of potentials δΦ, δA∥, and δB|| used in field equations
+ direct solver for field equations

M P I P L A S M A P H YS I C S , 1 7 4 9 1 G R E I F SWA L D , G E R M A N Y , M P I P L A S M A P H YS I C S , 8 5 7 4 8 G A R C H I N G , G E R M A N Y C . N Ü H R E N B E R G , R . K L E I B E R , A . M I S H C H E N KO , A . KÖ N I E S , M . B O R C H A R DT,
R . H AT Z K Y F E B R UA RY 2 0 , 2 0 2 6 GY R O K I N E T I C S I M U L AT I O N S O F M H D M O D E S I N ST E L L A R ATO R P L A S M A S 9



Motivation Overview Introduction Physical Models and Computational tools Simulation setup Results Summary References Extras

Timing of EUTERPE on CINECA PITAGORA
CPU partition comparison of CPU and GPU partitions

• W7-X variant
• EUTERPE grid

128 × 128 × 128
• 150 mio.

ion markers
• 300 mio.

electron markers
• MUMPS direct solver

data: courtesy of
M. Borchardt

• CPU partition with 64 CPUs per node; use of INTEL oneapi 2024.1.0
• GPU partition with (64 CPUs + 4 GPUs) per node; use of NVidia HPC 24.5

• if t∗ ≈ 9 10−3µs and ∆t = 0.2 and the shown setup, a 70 µs-simulation needs
70/(t∗∆t) ≈ 4 104 PIC iterations or ≈ 160 h with 1536 PEs (CPU partition)
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Growth rates and frequencies of linear-phase GK and linear MHD stability

perturbed ion energy flux

⟨δQE⟩ =
1
V

∫ mp

2 v2 δf d δR
dt · ∇s

|∇s| d3x d3v

electron diamagnetic
drift frequency

ωn,e =
1
2ωp,e =

Te m
e B Ln ρ

• GK: ⟨δQE⟩ grows with 2 γ, determine GK growth rate from linear phase
• MHD: the ideal-MHD spectrum is real (force operator is Hermitian)

• delivers only growth rates for unstable modes
• use electron diamagnetic drift frequency ωn,e

• note: equilibrium profiles for ions and electrons were chosen to coincide
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Description of Equilibria
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ℓ=1, 2 HELIAS

• pressure and rotational transform profiles• usage of consistent full-torus equilibria
• equilibria shaped similarly to W7-X (HELIAS stellarators [J. Nührenberg et al. 1986])
• 4 field periods, major radius R = 8 m, aspect ratio A ≈ 8, field strength ≈ 1.3 T
• ηi,e = Ln/LT = 1
• Te(0) = Ti(0) and ne(0) = ni(0) simultaneously increasing with ⟨β⟩
• vanishing net toroidal current
• largest gradients at ι ≈ 3/4
• low-order natural islands are avoided on purpose, ι = 4/6 and 4/5
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Numerical setup

• resonance condition k∥ ≈ 0 or mι+ n ≈ 0 important for unstable MHD modes
• choose low k in dominant harmonics (m,n) = k (4,−3) for large-scale modes
• need full toroidal angle (all field periods) because of periodicity-breaking
• need full radius (magnetic axis to plasma boundary) for large-scale structures

• boundary conditions for ξ ·∇s (MHD) and δΦ (GK)
• fixed-boundary modes
• magnetic axis: regularity (MHD); mixed Dirichlet-Neumann (GK)

• identical Fourier tables for MHD displacement and GK perturbed field quantities
• adjusted to n/m ≈ ι = 3/4; |n| ≤ 25; use 19 as poloidal bandwidth

• setup specific to GK
• 150 (300) mio. markers for ions (electrons); Maxwellian distributions;

shifted Maxwellian for electrons (allowing for an equilibrium current);
realistic electron mass

• equilibrium mesh: 300 × 300 × 2048, aspect ratio of mesh cells ≲ 2
• use δB∥
• initial conditions: explicitly initialize low-k modes (start from noise is the standard)
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Linear MHD and linear phase of GK: growth rates and frequencies
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• ℓ=1, 2 cases
• scan plasma-beta ⟨β⟩ at

fixed vacuum-well Wvf = 0.08

• HELIAS cases
• scan vacuum magnetic well at

fixed plasma-beta ⟨β⟩ = 0.02

• left: time traces of normalized perturbed ion energy flux (GK), scan parameter coded by colors
• right: growth rates (top) frequencies (bottom) with electron diamagnetic drift frequency for MHD
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Linear MHD and linear phase of GK: compare spatial structures
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ℓ=1, 2 case
⟨β⟩ = 0.016

t = 23.7 µs

• 7 dominant harmonics of ≈ 600 in total
• MHD (solid, γh = 5/3), GK (dashed)
• resonant component, toroidicity-, and

helicity-induced sidebands
• MHD: finite symmetry of field periods leads to decoupling of mode families

• N = 1 mode family used here, including (4,−3), not including (0,0)
• GK: no mode family selected
• deviations: usage of different straight-field-line coordinates
• small resonant harmonic in δA∥ can be explained by equation linking it to the

normal displacement: δA∥ determined from ∂∥(ξ ·∇s)
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GK: time evolution of field perturbation

• m = 4 island develops, shields intact surfaces
• large portion of confinement domain ergodizes

with remnants of m = 9 island
• soft onset of ergodization despite strong instability
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• ℓ=1, 2 case, Wvf = 0.08, ⟨β⟩ = 0.006
• field lines in B + δBGK(t)

γ ≈ 0.2/µs
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GK: Time evolution of profiles

• HELIAS case
• Wvf = 0.017
• ⟨β⟩ = 0.02

71 µs

• weak changes in the ion temperature and density profiles
• electron profiles evolve identically (black dashed)
• mostly in the early saturation phase, t ≈ 0.78µs
• flattening inside, steepening outside the location of strongest gradients
• similar findings in non-linear MHD simulations [Ramasamy et al. 2024]
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Summary (1)

• CAS3D (linear ideal MHD) and EUTERPE (GK)
• MPI-parallelized; CPU- and GPU-versions
• EUTERPE: PIC CAS3D: spectral FE-Fourier Galerkin
• GK: electromagnetic, non-linear, kinetic electrons and ions at physical mass ratio

• in low-shear stellarators, the linear phase of fully global, non-linear GK
simulations successfully recovers global linear ideal MHD stability

• GK does not change linear-ideal-MHD stability limits in low-shear HELIAS
configurations

• fully toroidal simulations for periodicity-breaking perturbations

• confirm that lack of Wvf drives instability in low-shear stellarator configurations
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Summary (2)
• GK simulations

• expect low-order islands to be driven by low-m MHD-type modes and considerable
loss of volume of potentially good confinement volume outside the islands

• temperature and density profiles flatten slightly in saturation phase;
weak mixing of ergodized field-lines in late linear phase might indicate that parallel
processes are still dominant

Open questions

• study perturbation-induced islands in more detail
• need further study of zonal flow
• extend study to other stellarator configuration types (e.g. quasi-isodynamic)
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Work in the field (exemplary)

• MHD for stellarators
• comparison of global, non-linear, reduced MHD (JOREK) and linear resistive MHD

(CASTOR3D) for W7-AS
• non-linear, resistive MHD (M3D-C1) for W7-X

• GK for stellarators
• trapped-electron modes and electron-temperature-gradient-driven modes in W7-X

(GENE-3D using single field period)
• GK and MHD for tokamaks

• linear verification of GK (GTC) against kinetic-MHD in the ideal-MHD limit for internal
kink modes in DIII-D

• up to now missing and one aim of this work:
GK and linear ideal MHD for pressure-driven modes in stellarators

Ramasamy et al. 2024; Zhou et al. 2024; Wilms et al. 2024; Brochard et al. 2022
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How to relate linear ideal MHD and GK

ideal MHD ξ

δBMHD = ∇×(ξ×B)

δE + (∂tξ)×B = 0

GK δA∥, δB∥, δΦ

δBGK = ∇×
(
δA∥ b

)
+ δB∥ b

δE = −∇δΦ− ∂tδA

• relation of ideal-MHD normal displacement and gyrokinetic potentials

∇s×B ·∇δΦ = γ B2 ξ ·∇s

∇s×B ·∇
(
δA∥

B

)
= −B ·∇(ξ ·∇s)
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Coordinates

map

ϕ

θ

s

slope of field-lines
ι(s) = n

m =
dFpol
dFtor

rotational transform
inverse safety factor

• cylindrical: R(s,u, v), φ(v),Z(s,u, v)
• s ∈ [0,1]: either normalized radius or

normalized toroidal flux
• u, v angle-like parameters [Hirshman et al. 1986]

• map to s, θ, ϕ and straight field-lines
• PEST coordinates, φ = ϕ [Grimm et al. 1976]
• Boozer coordinates, φ = ϕ+ ϕ̃ [Boozer 1982]

M P I P L A S M A P H YS I C S , 1 7 4 9 1 G R E I F SWA L D , G E R M A N Y , M P I P L A S M A P H YS I C S , 8 5 7 4 8 G A R C H I N G , G E R M A N Y C . N Ü H R E N B E R G , R . K L E I B E R , A . M I S H C H E N KO , A . KÖ N I E S , M . B O R C H A R DT,
R . H AT Z K Y F E B R UA RY 2 0 , 2 0 2 6 GY R O K I N E T I C S I M U L AT I O N S O F M H D M O D E S I N ST E L L A R ATO R P L A S M A S 2 8



Motivation Overview Introduction Physical Models and Computational tools Simulation setup Results Summary References Extras

GK: transition from low-m to kinetic-ballooning-type mode

t = 14µs t = 21µs t = 29µs t = 36µs
m = 4 mixture m = 28 sheared structures

kθ ρi ≈ 0.013 kθ ρi ≈ 0.091
electron-diamagnetic ion-diamagnetic

• observe reversal of rotation direction
• t > 40µs: fine-scale structures decay, zonal flow slowly grows

• HELIAS case, Wvf = 0.01, ⟨β⟩ = 0.02
• snapshots of δΦ
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Particle-in-cell method

Initialize grid
0

Push particles
1

Deposit charges
2

Solve field
equations

3

Interpolate fields
4

PIC Loop

Time t → t +∆t EUTERPE
• push on GPU

• field solve on CPU
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Domain cloning

• combination of particle and domain decomposition [Hatzky 2006]

· · · · · ·︸ ︷︷ ︸
ncopy copies with equal shares in the markers and in the ncore cores

︸ ︷︷ ︸
nsub = Nφ/

ncore
ncopy

• identical sub-domains in each domain copy
• each domain copy

+ owns a marker ensemble
+ communication for markers only within domain copy
− needs full field information

• total charge and current need ALL-REDUCE operation
+ communication across domain copies, but only between identical

sub-domains (colors)
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Motivation
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CAS3D code for MHD stability

[Subbotin et al. 2006]

[thaliatook.com]

EUTERPE code for GK
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Motivation
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Dinklage et al. 2018

W7-X

M P I P L A S M A P H YS I C S , 1 7 4 9 1 G R E I F SWA L D , G E R M A N Y , M P I P L A S M A P H YS I C S , 8 5 7 4 8 G A R C H I N G , G E R M A N Y C . N Ü H R E N B E R G , R . K L E I B E R , A . M I S H C H E N KO , A . KÖ N I E S , M . B O R C H A R DT,
R . H AT Z K Y F E B R UA RY 2 0 , 2 0 2 6 GY R O K I N E T I C S I M U L AT I O N S O F M H D M O D E S I N ST E L L A R ATO R P L A S M A S 3 3


	Motivation
	Overview
	Introduction
	Physical Models and Computational tools
	Simulation setup
	Results
	Summary
	References
	Extras

