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Liguid-metal Magnetohydrodynamics (MHD)

Liquid-metal MHD in fusion:
- Important in:

- breeder blankets,

- liguid-metal divertors (reactor heat exhaust).
- With applications to a variety of fusion devices.

Key features:
- Strongly imposed magnetic fields.
- High Hartmann number (typically ~10%):

Ha = BL\/E
,U,

- Hartmann boundary layers scale with Ha™.
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Liquid-metal MHD

Challenging to simulate:
- Narrow Hartmann layers:
- thickness 6 ~ Ha ™!, A

- reactor relevant Ha = 10*,

- requiring extreme mesh refinement near walls. B 1.00
q — 0.75
- Strongly coupled physics: o |
. . . (v} (0
- incompressible Navier-Stokes, - ol
) ,
- electric potential. u@ .(‘% 0.25
. . . . . . 0.00
- Magnetic damping time results in small time steps y
required at high Haas 6t ~ Ha 2. | Side La)//er
~Ha—-1 2
- Strong anisotropy: @
- SUppFESSiOn Of VGIOCity gradients along B; Shercliff flow (insulating walls) at Ha = 20 (Rupert Eardley-Brunt).

- leads to highly anisotropic operators,
- difficult for generic preconditioners.

Science and ..
Technology
Facilities Counci OffIC Ia |

&4, UK Atomic Energy Authority 3




Current approaches to liquid-metal MHD simulation at UKAEA

OpenFOAM (finite volume method)
- Inductionless LM-MHD solver (F. Fico).
- Relatively user friendly.

Ha=20 Hunt flow

- Robust, widely-used framework. in OpenFOAM
. . . . (Rupert Eardley-
- Extension towards coupling (e.g. MOOSE via Hippo). Brunt).

NekRS (spectral element method)
Scalable LM-MHD solver.
High order spectral element discretisation.

Active development for non-uniform B-fields.

Path towards blanket multiphysics coupling:

- validation for thermal solve and buoyancy,

- coupling via Cardinal (to MOOSE for thermal, EM,
neutronics calculations).

These approaches are powerful, but there is space for a
complementary method.

Ha=1000 Shercliff flow in NekRS, focused on the domain corner to demonstrate
narrow Hartmann (top) and side (left) boundary layers (Rupert Eardley-Brunt).
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Liguid-metal MHD solver in MFEM
Key features of MFEM: D
High order finite element spaces:
- accuracy, more efficient on GPUs. D
Flexible discretisation:

- mixed formulations for velocity-pressure-potential systems.

Adaptive mesh refinement (AMR):

- can be targeted towards turbulent regions or moving
boundaries (e.g. multiphase flow),

- avoiding refining entire domain and simplifying meshing,
- critical for high-Ha regimes.

Coupling to the MOOSE framework:
- for multiphysics calculations,
- use-case for MFEM-MOOSE coupling developed at UKAEA,

- Relevant for blanket simulations with thermal transport, \ | 7\ /A4
neutronics, structural mechanics. 1 M @) (

GPU-acceleration.
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Liguid-metal MHD solver in MFEM

Governing equations
- We solve the inductionless, incompressible MHD model in dimensionless form,

1
du+u-Vu— R Au+ Vp—rJ xB=Tf,
£
J+Vo—uxB=0,
V-u=0 V-J=0.

for velocity (H?), pressure (L?), electric potential (L?), and current density (H(div)).

- The block matrix is given by kM; &G' kK" 0\ [z,
kG 0 0 0 ||=z,

—kK 0 F, B ||z,

o 0o B 0)\=

J

(1]

b
bf.’}
b
b

for the fluid terms represented by [F,,, the pressure term by B, the coupling between uandJ by K, the electric
current term IV ;, and the electric potential term (&, where & is the dimensionless coupling number setting the
relative strength of the Lorentz force, where k = Ha?/Re.

Li, Lingxiao, Mingjiu Ni, and Weiying Zheng. "A charge-conservative finite element method for inductionless
MHD equations. Part II: a robust solver." SIAM Journal on Scientific Computing 41.4 (2019): B816-B842.
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Liguid-metal MHD solver in MFEM

Governing equations
- We solve the inductionless, incompressible MHD model in dimensionless form,

1
du+u-Vu— e Au+ Vp—rJ xB =T, Strongly coupled representing
- J x B and u x B terms.

J+Vod—uxB=0,

for velocity (H?!), pressure (L?), electric potential (L?), rent density (H(div)).
J

(1]

b
bf.’}
b
b

for the fluid terms represented by [F,,, the pressure term by B, the coupling between uandJ by K, the electric
current term IV ;, and the electric potential term (&, where & is the dimensionless coupling number setting the
relative strength of the Lorentz force, where k = Ha?/Re.

Li, Lingxiao, Mingjiu Ni, and Weiying Zheng. "A charge-conservative finite element method for inductionless
MHD equations. Part II: a robust solver." SIAM Journal on Scientific Computing 41.4 (2019): B816-B842.
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Liguid-metal MHD solver in MFEM

Governing equations
- We solve the inductionless, incompressible MHD model in dimensionless form,

1

du+u-Vu— e Au+ Vp—rJ xB =T, Strongly coupled representing
- J x B and u x B terms.
Increased stiffness due to Ha J+Vo—uxB=0,
terms, represented by K. V.u=0 V.J=0
for velocity (H!), pressu , electrie potential (L?), and current density (H(div)).
- The block matrix is given by @*l @3T @@ 0 T J
W5 .0 0 0 ||lay]|_

0 F, B']||x,
0 0 B 0 x,

(1]

b
by
b
b

for the fluid terms represented by [F,,, the pressure term by B, the coupling between uandJ by K, the electric
current term IV ;, and the electric potential term (&, where & is the dimensionless coupling number setting the
relative strength of the Lorentz force, where k = Ha?/Re.

Li, Lingxiao, Mingjiu Ni, and Weiying Zheng. "A charge-conservative finite element method for inductionless
MHD equations. Part II: a robust solver." SIAM Journal on Scientific Computing 41.4 (2019): B816-B842.
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Liguid-metal MHD solver in MFEM

Governing equations
- We solve the inductionless, incompressible MHD model in dimensionless form,

1
du+u-Vu— e Au+ Vp—rJ xB =T, Strongly coupled representing
- J x B and u x B terms.

Increased stiffness due to Ha J+Vo—uxB=0,
terms, represented by K. Vou—0 Y.J—0.

for velocity (H?), pressure (L?), electric potential (L?), and current density (H(div)).

- The block matrix is given by skMj; &GV KK 0\ [x; b,;\
kG 0 x, | | bo
~kK) 0 z, | |b.
0 0 ) [\-T;/ \b, Saddle point block structure.

for the fluid terms represented by [F,,, the pressure term by B, the coupling between uandJ by K, the electric
current term IV ;, and the electric potential term (&, where & is the dimensionless coupling number setting the
relative strength of the Lorentz force, where k = Ha?/Re.

Li, Lingxiao, Mingjiu Ni, and Weiying Zheng. "A charge-conservative finite element method for inductionless
MHD equations. Part II: a robust solver." SIAM Journal on Scientific Computing 41.4 (2019): B816-B842.
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Liguid-metal MHD solver in MFEM

Governing equations

- We solve the inductionless, incompressible MHD model in dimensionless form,

1
du+u-Vu— R Au+ Vp—rJ xB=Tf,
£

Increased stiffness due to Ha J+Vo—uxB=0,
terms, represented by K. Vou—0 Y.J—0.

for velocity (H1), pressure (L2), electric potential (L2), and current density (H(div)). Large 3D problem (8 unknowns)

- The block matrix is given by skM; &G KK') 0
kG 0 0 0

~kK) 0 (F, BT

0 0 B 0

Strongly coupled representing
J x B and u x B terms.

with very fine mesh required.

Saddle point block structure.

for the fluid terms represented by [F,,, the pressure term by B, the coupling between uandJ by K, the electric
current term IV ;, and the electric potential term (&, where & is the dimensionless coupling number setting the

relative strength of the Lorentz force, where k = Ha?/Re.

Li, Lingxiao, Mingjiu Ni, and Weiying Zheng. "A charge-conservative finite element method for inductionless
MHD equations. Part II: a robust solver." SIAM Journal on Scientific Computing 41.4 (2019): B816-B842.

Science and ..
Technology
Facilities Counci OffIC Ia |

1 UK Atomic Energy Authority 10




Liguid-metal MHD solver in MFEM

Solver strategy and preconditioning

- The system is solved using GMRES with a block
upper-triangular preconditioner:

upper-triangular block matrix decouples
physics,

current block: current equation is scaled by &

along with coupling to potential and
velocity,

electric potential block: simple mass-matrix
approximation of potential equation,

fluid saddle point block: pressure solved
first, then velocity.

Equation system:

kM; rGT kK" 0 T b;

kG 0 0 0 Ty | _ b,

—HK 0 ]F“ BT €Iy bu

0 0 B 0/ \=z b,
Preconditioner:

Current density.

v
2kKT
() 0

kD; 2:GT

0 —IL;!

Electric potential. ™

Fluids.

Li, Lingxiao, Mingjiu Ni, and Weiying Zheng. "A charge-conservative finite element method for inductionless
MHD equations. Part II: a robust solver." SIAM Journal on Scientific Computing 41.4 (2019): B816-B842.
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Liguid-metal MHD solver in MFEM

Liguid-metal MHD simulation geometry and

boundary conditions B
- Flow in a square duct. —
- Constant magnetic field.

- Boundary conditions:
- fixed inlet velocity,
- no-slip walls,
- electrically insulating walls (Shercliff flow),
- pressure pinned at outlet.

https://github.com/farscape-project/mfem liguid metal mhd

&4 UK Atomic Energy Authority 12
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Liguid-metal MHD solver in MFEM

Liquid-metal MHD simulation geometry and
boundary conditions

- Flow in a square duct.

- Constant magnetic field.

- Boundary conditions:

- fixed inlet velocity,
- no-slip walls,

- electrically insulating walls (Shercliff flow),
- pressure pinned at outlet.

https://github.com/farscape-project/mfem liquid metal mhd
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Liguid-metal MHD solver in MFEM

Liquid-metal MHD simulation geometry and

boundary conditions
Flow in a square duct.
Constant magnetic field.

Boundary conditions:

fixed inlet velocity,

no-slip walls,

electrically insulating walls (Shercliff flow),
pressure pinned at outlet.
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Liguid-metal MHD solver in MFEM

Liquid-metal MHD simulation geometry and

boundary conditions

Flow in a square duct.

Constant magnetic field.

Boundary conditions:

fixed inlet velocity,

no-slip walls,

electrically insulating walls (Shercliff flow),
pressure pinned at outlet.
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Liguid-metal MHD solver in MFEM

Liquid-metal MHD simulation geometry and

boundary conditions

Flow in a square duct.

Constant magnetic field.

Boundary conditions:

fixed inlet velocity,

no-slip walls,

electrically insulating walls (Shercliff flow),
pressure pinned at outlet.
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Liguid-metal MHD solver in MFEM

Liguid-metal MHD simulation geometry and
boundary conditions

- Flow in a square duct. <\B
- Constant magnetic field. l\
- \ ———
- Boundary conditions:
- fixed inlet velocity, L iy
- no-slip walls, / \\\\\\\\\\\
- electrically insulating walls (Shercliff flow), /

- pressure pinned at outlet. /<

- Grey square indicates where slices are
taken for visualisation.

https://github.com/farscape-project/mfem liguid metal mhd

{ UK Atomic Energy Authority 17
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Liguid-metal MHD solver in MFEM

Liquid-metal MHD simulation of Shercliff flow in rectangular duct
- Hartmann number, Ha = 10.

- Insulating walls.

1.4e+00

I

— 1

[1.1e+00

— 0.5

—0.8

— 0.6

velocity Magnitude
o
electric potential

—04 —-0.5

I: 0.2 l
4.2e-05 -1.1e+00

3D simulation of liquid-metal MHD flow in rectangular duct with insulating walls and Ha = 10.

current density Magnitude

Observed behaviour:
- Hartmann layers at walls perpendicular to B, u ® B

- flattening of the core velocity,
- qualitative agreement with classical Shercliff flow.
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Liguid-metal MHD solver in MFEM

Verification and validation

- Comparison to analytical Shercliff flow solution.
- Method of Manufactured Solutions (MMS) under implementation.

Observations:
- underprediction of velocity in MFEM solve, 141
- shape of curve qualitatively consistent, 121
- indicates issue in implementation (work in progress). N
] 46+00 Aif 1»{4} 'l .2e+00 v 0.8 -
[ 1.2 2 [ : g
[0) 2 0.6 -
] 9 c
= — 0.8 87
—0.8 8> = 0.4 1
p= —-06 2
— 0.6 > %
C 021
.04 % —04 g —— MFEM
> [0) -==- Analytic solution
l: 0.2 [ 0.2 g “®"To0 075 -050 025 000 025 050 075 100
4.26-:05 o 6.2e-04 Comparison between Shercliff analytic solution and MFEM
3D simulation of LMMHD flow with insulating walls and Ha = 10. solution along the z-direction for Ha = 10.

https://github.com/farscape-project/mfem_liquid metal mhd
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Liguid-metal MHD solver in MFEM

Parallel performance
- Early development strong scaling investigation carried out,
- tested up to 8 MPI ranks.

Ongoing optimisation to investigate preconditioner cost.

1.4e+00 1.26+00
1.2 [ 1 (0}
O
g 2
— 1 5 // c
:'é /““ ”,r . — 0.8 8)
—0.8 > il =
0s 2 11 —06 2
— U. % ‘j‘i i]:)
o) \ — 04 O
— 04 o \ =
> N o
0.2 —7 0.2 5
4.26-05 — 6.2e-04
3D simulation of LMMHD flow with insulating walls and Ha = 10.

—o— mfem ’
74 === Ideal yd

MPI Ranks

Comparison between Shercliff analytic solution and MFEM
solution along the z-direction for Ha = 10.
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Summary

Liquid-metal MHD solver in MFEM

- High order liquid-metal MHD finite element framework.
- Extensible to higher Hartmann numbers.

- Path towards multiphysics coupling.

- Designed for high-Ha fusion-relevant regimes.

Verification and short-term improvements:

- analytical comparison with Shercliff flow at Ha = 10,

- implementing method of manufactured solutions (MMS) to isolate errors in implementation,
- scaling and profiling analysis in progress.

Future work:
- investigate coupling into MOOSE alongside the MOOSE-MFEM team at UKAEA,
- investigate adding solver capability:
- solid walls and thermal solve,
- adaptive mesh refinement (AMR).
- GPU acceleration.
Contact: daniel.ward@stfc.ac.uk
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